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Abstract
The quantum dimensions and the fusion rules for the parafermion vertex op-
erator algebra associated to the irreducible highest weight module for the affine
Kac-Moody algebra A
(1)
1 of level k are determined.
1 Introduction
Parafermion vertex operator algebra is the commutant of the Heisenberg vertex opera-
tor algebra in the affine vertex operator algebra. It comes from a special kind of coset
construction [19]. Precisely speaking, let Lĝ(k, 0) be the level k integrable highest weight
module with weight zero for affine Kac-Moody algebra ĝ associated to a finite dimensional
simple Lie algebra g. Then Lĝ(k, 0) contains the Heisenberg vertex operator subalgebra
generated by the Cartan subalgebra h of g. The commutant K(g, k) of the Heisenberg
vertex operator subalgebra in Lĝ(k, 0) is the parafermion vertex operator algebra. The
structure and representation theory of parafermion vertex operator algebras has been
widely studied these years(see [11], [12], [14], [15], [3]). In particular, [14] and [15] show
the role of parafermion vertex operator algebra K(sl2, k) in the parafermion vertex al-
gebra K(g, k) is similar to the role of 3-dimensional simple Lie algebra sl2 played in
Kac-Moody Lie algebras, we denote K(sl2, k) by K0 in this paper. Moreover, it was
proved that K0 coincides with a certain W -algebra in [11] and [12]. Later in [3], the
C2-cofiniteness of parafermion vertex operator algebra K(g, k) has been established by
proving the C2-cofiniteness of parafermion vertex operator algebra K0, and irreducible
modules for parafermion vertex operator algebra K0 were also classified therein. In the
recent paper [13], the rationality of parafermion vertex operator algebra K(g, k) was also
obtained, moreover, the irreducible modules for K(g, k) were classified.
The notion of quantum dimensions of modules for vertex operator algebras was intro-
duced in [6]. It was proved therein for rational and C2-cofinite vertex operator algebras,
quantum dimensions do exist. In this paper, we first determine the quantum dimensions
for the parafermion vertex operator algebra K0. Then by using the important formula
obtained in [6] which shows that quantum dimensions are multiplicative under tensor
product, we give the fusion rules for the parafermion vertex operator algebra K0.
The paper is organized as follows. In Section 2, we recall some results about parafermion
vertex operator algebra K0. In Section 3, after reviewing the notion and properties of
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quantum dimensions of modules for vertex operator algebras, we give the quantum di-
mensions of parafermion vertex operator algebra K0. In the final section, we obtained the
fusion rules of parafermion vertex operator algebra K0 by using the results of quantum
dimensions of parafermion vertex operator algebra K0.
2 Preliminary
In this section, we recall from [11], [12] and [3] some basic results on the parafermion
vertex operator algebra associated to the irreducible highest weight module for the affine
Kac-Moody algebra A
(1)
1 of level k with k ≥ 2 being an integer. First we recall the notion
of the parafermion vertex operator algebra.
We are working in the setting of [11]. Let {h, e, f} be a standard Chevalley basis of
sl2 with brackets [h, e] = 2e, [h, f ] = −2f , [e, f ] = h. Let ŝl2 = sl2 ⊗ C[t, t
−1] ⊕ CC be
the affine Lie algebra associated to sl2. Let k ≥ 2 be an integer and
V (k, 0) = Vŝl2(k, 0) = Ind
ŝl2
sl2⊗C[t]⊕CC
C
be an induced ŝl2-module such that sl2 ⊗ C[t] acts as 0 and C acts as k on 1 = 1. We
denote by a(n) the operator on V (k, 0) corresponding to the action of a⊗ tn. Then
[a(m), b(n)] = [a, b](m+ n) +m〈a, b〉δm+n,0k (1.1)
for a, b ∈ sl2 and m,n ∈ Z. It is well known that there is a vertex operator algebra
structure on V (k, 0) and it has a unique maximal ideal J , which is generated by a weight
k + 1 vector e(−1)k+11 [21]. The quotient algebra L(k, 0) = V (k, 0)/J is the simple
vertex operator algebra associated to an affine Lie algebra ŝl2 of type A
(1)
1 with level k.
The subspace V
ĥ
(k, 0) of V (k, 0) spanned by h(−i1) · · ·h(−ip)1 for i1 ≥ · · · ≥ ip ≥ 1 and
p ≥ 0 is a vertex operator subalgebra of V (k, 0) associated to the Heisenberg algebra.
The parafermion vertex operator algebra K0 is defined as the commutant of Vĥ(k, 0) in
L(k, 0), that is,
K0 = {v ∈ L(k, 0) | h(m)v = 0 for m ≥ 0}.
It was proved that K0 is a simple vertex operator algebra and the irreducible K0-modules
M i,j for 0 ≤ i ≤ k, 0 ≤ j ≤ k − 1 were constructed in [11]. Note that K0 = M
0,0. It
was also proved that M i,j ∼= Mk−i,k−i+j as K0-module in [11, Theorem 4.4] and moreover,
Theorem 8.2 in [3] showed that the k(k+1)
2
irreducible K0-modules M
i,j for 0 ≤ i ≤ k, 0 ≤
j ≤ i − 1 constructed in [11] form a complete set of isomorphism classes of irreducible
K0-module. Moreover, K0 is C2-cofinite [3] and rational [13].
Recall from [11] that L = Zα1 + · · ·+ Zαk with 〈αp, αq〉 = 2δpq. VL = M(1)⊗ C[L] is
the lattice vertex operator algebra associated with the lattice L. Let γ = α1 + · · ·+ αk.
Thus 〈γ, γ〉 = 2k. It is well known that the vertex operator algebra associated with a
positive definite even lattice is rational [5]. And any irreducible modules for the lattice
vertex operator algebra VZγ is isomorphic to one of VZγ+nγ/2k, 0 ≤ n ≤ 2k − 1 [5]. Let
L(k, i) for 0 ≤ i ≤ k be the irreducible modules for the rational vertex operator algebra
L(k, 0). The following result was due to [11].
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Lemma 2.1. L(k, i) = ⊕k−1j=0VZγ+(i−2j)γ/2k ⊗M
i,j as VZγ-modules.
3 Quantum dimensions for irreducible K0-modules
In this section, we first recall the notion and some basic facts about quantum dimension
from [6]. Then we determine the quantum dimensions of the irreducible K0-modules.
Let (V, Y, 1, ω) be a vertex operator algebra (see [18], [23]). We define weak module,
module and admissible module following [7, 8]. Let W {z} denote the space of W -valued
formal series in arbitrary complex powers of z for a vector space W .
Definition 3.1. A weak V -module M is a vector space with a linear map
YM : V → (EndM) {z}
v 7→ YM (v, z) =
∑
n∈Z
vnz
−n−1 (vn ∈ EndM)
which satisfies the following conditions for u, v ∈ V, w ∈M :
unw = 0 for n≫ 0,
YM (1, z) = IdM ,
z−10 δ
(
z1 − z2
z0
)
YM (u, z1) YM (v, z2)− z
−1
0 δ
(
z2 − z1
−z0
)
YM (v, z2) YM (u, z1)
= δ
(
z1 − z0
z2
)
YM (Y (u, z0) v, z2) ,
where δ (z) =
∑
n∈Z z
n.
Definition 3.2. A V -module is a weak V -module M which carries a C-grading M =⊕
λ∈CMλ, where Mλ = {w ∈M |L(0)w = λw} and L(0) is one of the coefficient operators
of Y (ω, z) =
∑
n∈Z L(n)z
−n−2. Moreover we require that dimMλ is finite and for fixed λ,
Mλ+n = 0 for all small enough integers n.
Definition 3.3. An admissible V -module M = ⊕n∈Z+M (n) is a Z+-graded weak module
such that umM (n) ⊂M (wtu−m− 1 + n) for homogeneous u ∈ V and m,n ∈ Z.
Definition 3.4. A vertex operator algebra V is called rational if the admissible module
category is semisimple.
The following lemma about rational vertex operator algebras is well known [9].
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Lemma 3.5. If V is rational and M is an irreducible admissible V -module, then
(1) M is a V -module and there exists a λ ∈ C such that M = ⊕n∈Z+Mλ+n where
Mλ 6= 0. And λ is called the conformal weight of M ;
(2) There are only finitely many irreducible admissible V -modules up to isomorphism.
Definition 3.6. We say that a vertex operator algebra V is C2-cofinite if V/C2(V ) is
finite dimensional, where C2(V ) = 〈v−2u|v, u ∈ V 〉.
Let M =
⊕
λ∈CMλ be a V -module. Set M
′ =
⊕
λ∈CM
∗
λ , the restricted dual of M
where M∗λ = HomC(Mλ,C). It was proved in [16] that M
′
is naturally a V -module where
the vertex operator YM ′(v, z) is defined for v ∈ V via
〈YM ′(v, z)f, u〉 = 〈f, YM(e
zL(1)(−z−2)L(0)v, z−1)u〉,
where 〈f, w〉 = f(w) is the natural paring M ′ × M → C. The V -module M
′
is called
the contragredient module of M . A V -module M is called self-dual if M and M
′
are
isomorphic V -modules. The following result was proved in [22].
Lemma 3.7. Let V be a simple vertex operator algebra such that L(1)V(1) 6= V(0). Then
V is self-dual.
Remark 3.8. Note that the weight one subspace of K0 is zero. By using lemma 3.7,
parafermion vertex operator algebra K0 is obviously self-dual.
Now we recall from [16] the notions of intertwining operators and fusion rules.
Definition 3.9. Let (V, Y ) be a vertex operator algebra and let (W 1, Y 1), (W 2, Y 2)
and (W 3, Y 3) be V -modules. An intertwining operator of type
(
W 3
W 1 W 2
)
is a linear
map
I(·, z) : W 1 → Hom(W 2, W 3){z}
u→ I(u, z) =
∑
n∈Q
unz
−n−1
satisfying:
(1) for any u ∈ W 1 and v ∈ W 2, unv = 0 for n sufficiently large;
(2) I(L(−1)v, z) = d
dz
I(v, z);
(3) (Jacobi identity) for any u ∈ V, v ∈ W 1
z−10 δ
(
z1 − z2
z0
)
Y 3(u, z1)I(v, z2)− z
−1
0 δ
(
−z2 + z1
z0
)
I(v, z2)Y
2(u, z1)
= z−12
(
z1 − z0
z2
)
I(Y 1(u, z0)v, z2).
The space of all intertwining operators of type
(
W 3
W 1 W 2
)
is denoted by
IV
(
W 3
W 1 W 2
)
.
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Let NW
3
W 1, W 2 = dim IV
(
W 3
W 1 W 2
)
. These integers NW
3
W 1, W 2 are usually called the fusion
rules.
Definition 3.10. Let V be a vertex operator algebra, and W 1, W 2 be two V -modules. A
module (W, I), where I ∈ IV
(
W
W 1 W 2
)
, is called a tensor product (or fusion product)
of W 1 and W 2 if for any V -module M and Y ∈ IV
(
M
W 1 W 2
)
, there is a unique V -
module homomorphism f : W → M, such that Y = f ◦ I. As usual, we denote (W, I) by
W 1 ⊠V W
2.
Remark 3.11. It is well known that if V is rational, then for any two irreducible V -
modules W 1 and W 2, the fusion product W 1 ⊠V W
2 exists and
W 1 ⊠V W
2 =
∑
W
NWW 1, W 2W,
where W runs over the set of equivalence classes of irreducible V -modules.
Now we recall some notions about quantum dimensions.
Definition 3.12. Let M = ⊕n∈Z+Mλ+n be a V -module, the formal character of M is
defined as
chqM = trMq
L(0)−c/24 = qλ−c/24
∑
n∈Z+
(dimMλ+n) q
n,
where c is the central charge of the vertex operator algebra V and λ is the conformal weight
of M .
It is proved [24, 10] that chqM converges to a holomorphic function in the domain
|q| < 1. We denote the holomorphic function chqM by ZM (τ). Here and below, τ is in
the upper half plane H and q = e2piiτ .
Let M0, · · · ,Md be the inequivalent irreducible V -modules with corresponding con-
formal weights λi and M
0 ∼= V .
From the Remark 2.13 of [6], we have
Definition 3.13.
ZM i
(
−
1
τ
)
=
d∑
j=0
Si,jZMj (τ) .
The matrix S = (Si,j)
d
i,j=0 is called an S-matrix.
The following definition of quantum dimension was introduced in [6].
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Definition 3.14. Let V be a vertex operator algebra and M a V -module such that ZV (τ)
and ZM (τ) exist. The quantum dimension of M over V is defined as
qdimVM = lim
y→0
ZM (iy)
ZV (iy)
,
where y is real and positive.
The following result was obtained in [6, Lemma 4.2].
Lemma 3.15. Let V be a simple, rational and C2-cofinite vertex operator algebra of CFT
type with V ∼= V ′. Let M i for 0 ≤ i ≤ d be the inequivalent irreducible V -modules with
corresponding conformal weights λi and M
0 ∼= V . Assume λ0 = 0 and λi > 0 ∀i 6= 0.
Then qdimVM
i =
Si,0
S0,0
.
From now on, we assume V is a rational, C2-cofinite vertex operator algebra of CFT
type with V ∼= V ′. Let M0 ∼= V, M1, · · · , Md denote all inequivalent irreducible V -
modules. Moreover, we assume the conformal weights λi of M
i are positive for all i > 0.
From Remark 3.8 and statement in Section 2, the parafermion vertex operator algebra
K0 satisfies all the assumptions.
The following result shows that the quantum dimensions are multiplicative under
tensor product [6] .
Proposition 3.16. Let V and Mi for 0 ≤ i ≤ d be as in Lemma 3.15. Then
qdimV
(
M i ⊠M j
)
= qdimVM
i · qdimVM
j
for i, j = 0, · · · , d.
Before giving the main result of this section, we recall the following character of
irreducible K0-modules M
i,j which is given in [4, 20]:
chM i,j = η(τ)cii−2j(τ)
by [20, (3.34)]. Note that k, l andm in [20] are k, i and i−2j, respectively in our notation.
Theorem 3.17. The quantum dimensions for all irreducible K0-modules M
m,n are
qdimK0M
m,n =
sin pi(m+1)
k+2
sin pi
k+2
for 0 ≤ m ≤ k, 0 ≤ n ≤ k − 1, where Mm,n are the irreducible modules of K0 constructed
in [11].
Proof. Let Mm,n(τ) denote the character of Mm,n for 0 ≤ m ≤ k, 0 ≤ n ≤ k − 1. The
S-modular transformation of characters has the following form [20], [21]:
Mm,n(−
1
τ
) =
∑
m′ ,n′
Sm
′
,n
′
m,n M
m
′
,n
′
(τ),
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where Sm
′
,n
′
m,n = (k(k+2))
− 1
2 exp ipi(m−2n)(m
′
−2n
′
)
k
sin pi(m+1)(m
′
+1)
k+2
. From [11] and [3], we see
that K0 has
k(k+2)
2
irreducible modules Mm,n with the conformal weights
λm,n =
1
2k(k + 2)
(k(m− 2n)− (m− 2n)2 + 2kn(m− n + 1))
for 0 ≤ m ≤ k, 0 ≤ n ≤ m − 1. It is easy to check that λk,0 = 0 and λm,n > 0 for
(m,n) 6= (k, 0). Thus by using Lemma 3.15, we have
qdimK0M
m,n =
S0,0m,n
S0,00,0
=
sin pi(m+1)
k+2
sin pi
k+2
.
4 Fusion rule for irreducible K0-modules
In this section, we give the fusion rules for irreducible K0-modules. First we fix some nota-
tions. LetW 1,W 2,W 3 be irreducible K0-modules. In the following, we use I
(
W 3
W 1W 2
)
to denote the space IK0
(
W 3
W 1W 2
)
of all intertwining operators of type
(
W 3
W 1W 2
)
,
and use W 1 ⊠W 2 to denote the fusion product W 1 ⊠K0 W
2 for simplicity.
We recall the fusion rules for affine vertex operator algebra of type A
(1)
1 [?] for later
use.
Lemma 4.1.
L(k, i)⊠L(k,0) L(k, j) =
∑
c
L(k, c),
where |i− j| ≤ c ≤ i+ j, i+ j + c ∈ 2Z, i+ j + c ≤ 2k.
Theorem 4.2. The fusion rule for the irreducible modules of Parafermion vertex operator
algebra K0 is as follows:
M i,i
′
⊠M j,j
′
=
∑
c
M c,
1
2
(2i′−i+2j′−j+c), (4.1)
where a means the residue of the integer a modulo k, 0 ≤ i, j ≤ k, 0 ≤ i
′
, j
′
≤ k − 1,
|i − j| ≤ c ≤ i + j, i + j + c ∈ 2Z, i + j + c ≤ 2k. Moreover, with fixed i, i
′
, j, j
′
,
M c,
1
2
(2i
′
−i+2j
′
−j+c) for |i− j| ≤ c ≤ i+ j, i+ j + c ∈ 2Z, i+ j + c ≤ 2k are inequivalent
irreducible modules.
Proof. We take V = L(k, 0), U = VZγ ⊗K0 in Proposition 2.9 of [1], from the Lemma 2.1,
we see that
dimIV
(
L(k, l)
L(k, i)L(k, j)
)
≤ dimIU
(
L(k, l)
V
Zγ+
(i−2i
′
)γ
2k
⊗M i,i
′
V
Zγ+
(j−2j
′
)γ
2k
⊗M j,j
′
)
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for 0 ≤ i, j, l ≤ k, 0 ≤ i
′
, j
′
, l
′
≤ k − 1. Note that L(k, l) = ⊕k−1j=0VZγ+(l−2j)γ/2k ⊗M
l,j , thus
we have
dimIU
(
L(k, l)
V
Zγ+
(i−2i
′
)γ
2k
⊗M i,i
′
V
Zγ+
(j−2j
′
)γ
2k
⊗M j,j
′
)
=
k−1∑
l′=0
dimIU
 VZγ+ (l−2l′ )γ2k ⊗M l,l′
V
Zγ+
(i−2i
′
)γ
2k
⊗M i,i
′
V
Zγ+
(j−2j
′
)γ
2k
⊗M j,j
′
 .
Then by using Theorem 2.10 of [1], we have
dimIU
 VZγ+ (l−2l′ )γ2k ⊗M l,l′
V
Zγ+
(i−2i
′
)γ
2k
⊗M i,i
′
V
Zγ+
(j−2j
′
)γ
2k
⊗M j,j
′

= dimIVZγ
(
V
Zγ+ (l−2l
′
)γ
2k
V
Zγ+ (i−2i
′
)γ
2k
V
Zγ+ (j−2j
′
)γ
2k
)
· dimIK0
(
M l,l
′
M i,i
′
M j,j
′
)
.
Recall that the fusion rule for lattice vertex operator algebras is:
VZγ+λ ⊠VZγ VZγ+µ = VZγ+λ+µ
for λ, µ ∈ (Zγ)◦, where (Zγ)◦ is the dual lattice of Zγ, this together with the fusion rule
for affine vertex operator algebra given in Lemma 4.1, we see that if l
′
6= l−i+2i
′
−j+2j
′
2
,
then
dimIU
 VZγ+ (l−2l′ )γ2k ⊗M l,l′
V
Zγ+
(i−2i
′
)γ
2k
⊗M i,i
′
V
Zγ+
(j−2j
′
)γ
2k
⊗M j,j
′

= dimIVZγ
(
V
Zγ+ (l−2l
′
)γ
2k
V
Zγ+
(i−2i
′
)γ
2k
V
Zγ+
(j−2j
′
)γ
2k
)
· dimIK0
(
M l,l
′
M i,i
′
M j,j
′
)
= 0.
And we also have
dimIK0
(
M c,
1
2
(2i′−i+2j′−j+c)
M i,i
′
M j,j
′
)
≥ 1.
In the following, we use the quantum dimension of the irreducible modules over K0 to
prove that
dimIK0
(
M c,
1
2
(2i′−i+2j′−j+c)
M i,i
′
M j,j
′
)
= 1.
Since from Proposition 3.16, we know
qdimK0
(
M i,i
′
⊠M j,j
′
)
= qdimK0M
i,i
′
· qdimK0M
j,j
′
,
and we also have
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M i,i
′
⊠M j,j
′
=
∑
(0,0)≤(l,l′ )≤(k,l−1)
N
(l,l
′
)
(i,i
′
),(j,j
′
)
M l,l
′
.
Since Theorem 3.17 shows that
qdimK0M
i,i
′
=
sin pi(i+1)
k+2
sin pi
k+2
.
Thus we only need to prove the following identity holds:
sin pi(i+1)
k+2
· sin pi(j+1)
k+2
sin pi
k+2
· sin pi
k+2
=
∑
c
sin pi(c+1)
k+2
sin pi
k+2
for 0 ≤ i, j ≤ k, 0 ≤ i
′
, j
′
≤ k − 1, |i− j| ≤ c ≤ i+ j, i+ j + c ∈ 2Z, i+ j + c ≤ 2k. This
identity is equivalent to the following identity:
cos
pi(i+ j + 2)
k + 2
− cos
pi(i− j)
k + 2
=
∑
c
(cos
pi(c+ 2)
k + 2
− cos
pic
k + 2
). (4.2)
We note that if i+ j < k, then cmin = i− j, cmax = i+ j, thus (4.2) holds. If i+ j > k,
cmin = i− j, cmax = i+ j − 2n for some n satisfying that i+ j − 2n+ i+ j = 2k, that
is, cmax = 2k − i− j, thus (4.2) also holds.
Now we prove that the modules M c,
1
2
(2i
′
−i+2j
′
−j+c) appeared in the sum (4.1) are
not isomorphic to each other. If M c,
1
2
(2i′−i+2j′−j+c) ∼= M c
′
, 1
2
(2i′−i+2j′−j+c′) for some c, c
′
satisfying |i − j| ≤ c ≤ i + j, i + j + c ∈ 2Z, i + j + c ≤ 2k. Since we know that
M i,j ∼= Mk−i,k−i+j as K0-module for 0 ≤ i ≤ k, 0 ≤ j ≤ k − 1 and the
k(k+1)
2
irreducible
K0-modules M
i,j for 0 ≤ i ≤ k, 0 ≤ j ≤ i − 1 exhaust all the isomorphism classes of
irreducible K0-modules, it follows that c
′
= k − c and
k − c+
1
2
(2i′ − i+ 2j ′ − j + k − c) =
1
2
(2i′ − i+ 2j ′ − j + k − c),
it is impossible by a direct calculation. This proves the assertion.
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